This paper examines a decision support system (DSS) for the appraisal of complex transport infrastructure decision problems using multi-criteria decision analysis (MCDA). The DSS makes use of a structured hierarchical approach featuring the multiplicative AHP also known as the REMBRANDT technique. The technique is a further development of the original AHP and it proposes to overcome three issues regarding the theory behind AHP namely by using direct rating on a geometric scale, the geometric mean method, and aggregation of scores by the product of alternative relative scores weighted by the power of weights obtained from analysis of the hierarchical elements above the alternatives. The aim of this paper is mainly to address the first issue regarding the direct rating on a geometric scale.
More specifically, the paper addresses the influence of the progression factors used when transforming the decision-makers' verbal responses from the semantic to the geometric scale. The REMBRANDT technique uses the progression factor 2 for calculating scores of alternatives and √2 for calculation of criteria weights, where the reason behind a lower progression factor for criteria may link to implicit trade-off considerations being more deliberate with criteria than is the case with scoring of alternatives. Tests will be conducted on the magnitude of the progression factors in order to examine the sensitivity towards the final outcome of an analysis.
For illustration of the DSS and the sensitivity calculations a case study dealing with the appraisal task of a large transport infrastructure project is presented. The scope of the case study is to identify the most attractive alternative for a new bridge or tunnel connection between the cities of Elsinore (Helsingor) in Denmark and Helsingborg in Sweden, which is supposed to take over both person and freight transport from the existing ferries and relieve the existing fixed link between Copenhagen in Denmark and Malmo in Sweden. The appraisal will make use of previously conducted cost-benefit calculations and descriptions of strategic issues. Finally, conclusions are drawn and research issues defining future work are set out in the context of the proposed DSS and its use for strategic decision making. This paper is disposed as follows: After this introduction Section 2 introduces the case study used for illuminating the test calculations. Section 3 contains a description of the the REMBRANDT technique (the multiplicative AHP) and presents more closely the scaling issues of the progression factors used for transformations to the geometric scale. In Section 4 the REMBRANDT technique is applied to the case study and sensitivity calculations are made based on the progression factors. The results of these calculations are subsequently discussed in Section 5 before Section 6 concludes and outlines perspectives for future work within the research area.
The case study
The Oresund fixed link connecting the greater area of Copenhagen with Malmo in Sweden opened in July 2000. Today, eleven years later, the railway line of the link is close to its capacity limit resulting in delays and discomfort for the travellers. The case of this paper concerns a new complementary fixed link between Denmark and Sweden between the cities of Elsinore (Helsingor) and Helsingborg. Regionally, the proposed connection is expected to create a substantial increase in trade, education and work related benefits. Ultimately it is expected that a fixed link with increased commuter traffic across the border will result in a common labour and residence market. In addition, the recent decision to construct the Fehmarn Belt fixed link between Denmark and Germany will increase the number of travellers from central Europe through Denmark to the rest of Scandinavia (Sweden, Norway and Finland). This means additional traffic to cross the Oresund. 1 The case is normally referred to as the HH-connection, see Figure 1 , and has been examined since the 1980s where the first alignment proposals were suggested. The opening of the Oresund fixed link between Copenhagen and Malmo, however, postponed the HH-connection but now its planning is recommenced. In Figure 1 the proposed new fixed link is shown located approximately 50 km north of the existing fixed link across Oresund. The current situation with ferry service is referred to as the basis scenario where the proposed alternatives will substitute the ferries with a fixed link with four alternatives being considered, see Table 1 . Based on the Danish manual for socio-economic assessment 2 the benefit-cost rates (BCR)
shown in Table 2 have been determined applying transport modelling for road and rail. 3 The reference scenario forecasting (RSF) technique 4 is applied to the cost-benefit analysis in order to produce certainty graphs describing the alternatives' probability for being economic feasible if uncertainties are introduced to the assessment. The calculations are carried out by applying Monte Carlo simulation to the cost-benefit analysis using estimated RSF distributions (Erlang and Beta-Pert distributions for construction costs and time savings respectively). Based on this it is possible to calculate certainty values (CV), see Table 2 , which are describing the probability for the alternatives being feasible. It should be noted that an alternative will obtain a CV > 100% if the simulation implies BCRs > 1 in all cases. For CVs > 100% the certainty 'distance' above 100% is added to the value. Where the conventional BCR gives a deterministic point estimate of the feasibility, the CVs give a probability based interval estimate of how the two most important uncertainty factors can affect such a point estimate.
Due to the high influence on the further development of the Oresund region a wider set of decision criteria have been identified in addition to the CVs to lay the foundation for a comprehensive assessment of the four alternatives. The alternatives are in Section 4 assessed under the criteria using the multiplicative AHP also known as the REMBRANDT technique, which is described in the following Section 3.
The REMBRANDT technique (multiplicative AHP)
The original AHP 5, 6 by Saaty has been criticised for various reasons: 1) for the fundamental scale to quantify human judgments; 2) as it estimates the impacts scores of the alternatives by the Perron-Frobenius eigenvector; and 3) as it calculates the final scores of the alternatives using the arithmetic-mean aggregation rule. As for the original AHP the REMBRANDT technique makes use of a structured hierarchical approach based on the principle that decision-makers make pair wise comparisons between alternatives to determine subjective impacts under each criterion in the assessment and between criteria in order to determine their relative importance. Finally, aggregating the results leads to a final score for each project, which allows a subjective rank ordering of the projects. The systematic pair wise comparison approach is one of the cornerstones of the REMBRANDT technique.
14 REMBRANDT makes use of a procedure for direct rating which requires the decision-makers to consider all possible pairs of alternatives with respect to each criterion in turn in order to determine which one of the projects in the pair is preferred and to specify the strength of preference according to a semantic scale (associated a numeric 0-8 scale). The approach is as mentioned a multiplicative development of the AHP and it proposes to overcome the three issues regarding the theory behind AHP. First, the direct rating in REMBRANDT is on a geometric scale 14 which replaces Saaty's 1 -9 original scale. Second, the eigenvector method originally used in AHP is replaced by the geometric mean method, which avoids potential rank reversal. 11 Third, the aggregation of scores by arithmetic mean is replaced by the product of alternative relative scores weighted by the power of weights obtained from analysis of the hierarchical elements above the alternatives. 17 In the use of the REMBRANDT technique in this paper it is assumed that the ratifying group consists of g decision-makers (g ≥ 1) , and that at any stage of the process there are n alternatives (n ≥ 1) under consideration. At the first evaluation level of the analysis, each pair of alternatives A j and A k is presented to the decision-makers under a specific criterion. The decision-makers are then asked to express their graded comparative judgment about them. That is, the decision-makers express their indifference between the two, or a weak, definite, strong or very strong preference for one project over the other. Thus, at this stage the decision-makers are asked to make as standard n(n-1)/2 pair wise comparisons. Indeed only (n-1) properly chosen comparisons would be sufficient, for which reason the standard leads to much more information being collected than actually needed. 18 Such redundancy, however, is usually beneficial as it enables a smoothing of the results of the analysis. Incomplete pair wise comparisons in a group of decision-makers are handled in a general way by using REMBRANDT, see Lootsma 19 for details; the case of complete pair wise comparisons by each and every one of the decision-makers is a special case. In this context it is assumed that alternative A j and A k have the same subjective values V j and V k for all decision-makers in a group. Using the REMBRANDT technique the group's agreed upon judgment about the pair A j and A k is taken to be an estimate of the preference ratio V j /V k . The decision-makers' pair wise comparative judgment of A j versus A k is captured on a category scale to frame the range of possible verbal responses. This is converted into an integer-valued gradation index δ jk according to the REMBRANDT scale in Table 4 . The number of categories is rather small as human beings' linguistic capacity to describe the categories unambiguously in verbal terms is limited. 19 Intermediate integer values can be assigned to δ jk to express a hesitation between two adjacent categories. The gradation index δ jk can be converted into a value on a geometric scale, characterised by a scale parameter γ = ln(1+ε), where 1+ε is the progression factor. Thus r jk = exp (γδ jk ), j, k = 1, ..., n is defined to be the numeric estimate of the preference ratio V j /V k . Although there is no unique scale of human judgment, a plausible value of γ is ln(2) implying a geometric scale with the progression factor 2.
14 There are five major, linguistically distinct categories in Table 3 : indifference, weak, definite, strong and very strong. Moreover, there are four so-called threshold categories between them which can be used if the decision-makers are in-between the neighbouring qualifications. Lootsma 19 shows that human beings follow the same pattern in many unrelated areas when they categorise an interval, e.g. certain ranges on the time axis and sound and light intensities. Normally three to five major categories are introduced and the progression factor exp(2γ) = (1 + ε) 2 is roughly 4, see Lootsma 14, 19 . By the interpolation of threshold categories a more refined subdivision of the given interval is obtained. In When determining criteria weights Lootsma 19 finds the progression factor to be √2.
The reason behind a lower progression factor may link to implicit trade-off consideration being more deliberate with criteria than is the case with scoring of alternatives.
In the psychophysical literature the issue of how human beings judge the relationship between two stimuli in a pair wise comparison on one single dimension was first treated 50 years ago by Torgerson. 21 Torgerson observed that human beings perceive only one quantitative relation, but they estimate differences in subjective stimulus values when they are requested to express their judgement on a category scale with arithmetic progression (equidistant echelons) and they estimate ratios of subjective stimulus values when the proposed scale is geometric. Thus they interpret the relationship as it is required in the experiment. Which of the two interpretations is correct cannot empirically be decided, as they are alternative ways of saying the same thing. This observation is easy to understand if it is assumed that the subjective stimulus values are not identically used in the two types of experiments. In the ratio experiment with a geometric scale human beings judge the ratio of two stimulus values. In the difference experiment with an arithmetic scale they do not judge the ratio itself but its order of magnitude, which is essentially a logarithm of the ratio. 20 Veit 22 and Birnbaum 23 confirmed Torgerson's observation that pair wise comparative judgment of two stimuli uses one operation only in both types of experiments. Moreover, if subtraction is assumed to be the underlying operation, then the ratio judgment is exponentially related to difference judgment.
Applying the REMBRANDT technique on the case study
To demonstrate the approach the four alternatives, A1, A2, A3 and A4, are compared in a pair wise way under the five criteria outlined in Table 3 . A decision conference approach as described in Barfod and Leleur 24 and Phillips 25 was used for the purpose of deriving preferences from the decision-makers involved in the decision process. Table 5 -9 shows the δ jk matrices based on the decision-makers judgments as well as the transformed matrices and the row-wise geometric means. This is followed by pair wise comparisons of the five criteria in Table 10 . By normalising the REMBRANDT scores above we arrive at the score-set: A1 = 0.12; A2 = 0.01; A3 = 0.47; A4 = 0.40. If the same verbal responses instead had been processed using the AHP technique the scores would have been: A1 = 0.15; A2 = 0.11; A3 = 0.38; A4 = 0.36, which is relatively close to the REMBRANDT scores, see Table  11 . The basic observation here is that using the REMBRANDT technique the best performing alternatives seems to get an advantage due to the longer scale resulting in greater interval distance. As mentioned Lootsma 20 suggests to conduct sensitivity analysis with γ = 0.5
(progression factor on 1.6) and γ = 1.0 (progression factor on 2.7) to test the robustness of the results. The outcome of this is also shown in Table 11 .
To examine the sensitivity of the progression factor in a wider interval tests have been conducted varying the factor from 1 to 5 (γ values between 0.0 and 1.6), see Figure 2 . From this the important result that the rank order of the alternatives does not depend on the scale parameter γ can be derived. Figure 2 . REMBRANDT scores at varying values of the progression factor for the alternatives. The vertical lines indicate the short, the natural and the long REMBRANDT scales proposed by Lootsma. 20 The vertical dashed lines indicate the corresponding AHP scores (see Table 11 ).
It should be noted that the progression factor for the criteria weights is not varied in this sensitivity test as there is only proposed one particular geometric scale for this (γ = 0.35), not a variety of scales to quantify the gradations of comparative judgments. In practice the difference between pair wise comparisons at the first and second evaluation levels is small. There are conceptual differences between the evaluation levels, and this implies that the numerical values of the quantifiers are level dependent. 20 
Discussion of results
Observing Figure 2 it seems reasonable that the progression factor should not exceed 2.7, as indicated by Lootsma 20 , by much. Higher factors will increase then span between the worst performing and the best performing alternatives more than seems appropriate. Similarly, progression factors close to 1 do not seem appropriate as the segregation between both alternatives and criteria will be very narrow leading to almost identical scores. In fact, the interval proposed by Lootsma 20 seems intuitively appropriate with a short, a natural and a long scale. The calculations clearly illustrate that the ratio of two final scores is scale dependent, even under conditions which guarantee that it is not affected by the addition or deletion of alternatives. As mentioned, there is only proposed one geometric scale for the criteria weights. However, as this scale with the progression factor √2 seems to be a result of the mathematics behind the method 15 it could also be interesting to conduct a sensitivity analysis on this. In Figure 3 the progression factor for the alternative is fixed to 2, while the progression factor for the criteria is varied in an interval from 1 to 2.3 (as no changes in rankings takes place after this point). Figure 3 . REMBRANDT scores at varying values of the progression factor for the criteria. The vertical line indicates the natural REMBRANDT scale with the progression factor √2. The progression factor for the alternatives is fixed to 2. The vertical dashed lines indicate the corresponding AHP scores (see Table 11 ).
The results in Figure 3 clearly show that the rank order of the alternatives does depend on the scale parameter γ for the criteria. This makes good sense and it can be noted that the rank reversal which takes place between A3 and A4 at a progression factor on approximately 2.1 is caused by the fact that the weight for C5 (the criterion with the highest weight) becomes very dominant at high progression factors. Hence, the remaining criteria will move towards exclusion from the analysis, and the alternative which scores the best under C5 (A4 in this case) will be the most attractive. A3 is in this respect only the second highest scoring alternative under C5 (see Table 9 ). Thus, a progression factor for the criteria that exceeds √2 will not be appropriate in practical use. Table 11 ).
The results implies that a modified version of REMBRANDT could make use of the progression factors 1.7 and 1.3 for alternatives and criteria respectively in order to obtain results closer in line with the results from the original AHP.
In order to test this argument another case example, which concerns four alternatives for a railway line assessed under eight criteria, is examined, see Table 12 . The case is described in details in Barfod et al. 26 The results in Table 12 are not in support of the previous results that argued for a lowering of the criteria progression factor. This might very well be due to a higher number of criteria in the assessment. However, the results still imply that a lowering of the alternative progression factor to 1.7 seems reasonable.
One more case study featuring four alternatives for a fixed link assessed under four criteria is examined in Table 13 to test the robustness of the arguments. The case is described in details in Barfod et al. 27 The REMBRANDT results in Table 13 differ much more from the original AHP results than has been the case with the two previous examined studies. The difference concerns both the size of the scores and the implied ranking, see the ranking of the alternatives on level three and four. However, the results are in line with the previous results in the sense that a lower progression factor for the alternatives seems reasonable. Finally, a forth case study is examined. The case, which is described in details in Barfod 28 , concerns five alternatives for bike projects assessed under five criteria. Table   14 depicts the results derived. The results in Table 14 show almost insignificant sensitivity towards the size of the progression factors. This may be caused by the fact that the ratifying group doing the comparisons consisted of government officers and that the decision problem was of a politically sensitive nature. For this reason the group tended to apply the semantic scale with highest precaution using only the lower values on the scale. Hence, the segregation between the alternatives is low no matter which of the approaches, AHP or REMBRANDT, is applied. However, observing Table 14 a progression factor for the alternatives on 1.7 seems most reasonable. Overall, the results of the different case studies show that the REMBRANDT technique moderates the valuation of "extreme" versus "balanced" alternatives. In the additive AHP it may be mathematically impossible for "middle of the road" alternatives to achieve the highest overall ratings. This makes little sense from a practical viewpoint.
The multiplicative version ensures due consideration of "middle of the road" nondominated alternatives when these are assessed with alternatives that are extremely attractive with respect to some criteria and extremely un-attractive with regard to other ones. Thus, in addition to mathematical considerations (ratio scale property) there appears to be important behavioural motivation for using the REMBRANDT technique.
In practice "middle of the road" alternatives may very well be the most preferred ones; however, the flexibility of the REMBRANDT technique with varying γ-values appears to offer the decision-makers an attractive modelling framework. Previous studies of the REMBRANDT technique, such as Lootsma 20 and Stam and Silva 29 , have implicitly assumed that the preference ratings are the geometric means of pair wise comparisons exhibiting constant returns to scale. This is a requirement which may be reasonable in many decision problems. 29 Nevertheless, allowing for a flexible value of γ allows for a meaningful analysis of situations where increasing or decreasing returns to scale are appropriate.
Conclusion
This paper has examined a DSS for the appraisal of complex decision problems using MCDA. More specifically the multiplicative version of AHP, namely the REMBRANDT technique, has been examined with regard to the issue of the progression factor when transforming decision-makers verbal responses to the geometric scale. AHP was first introduced by Saaty 5 based on an additive value function model. Several improvements of the technique have been made over the years, e.g. the introduction of the geometric mean method by Barzilai et al. 11 With the REMBRANDT technique (based on a multiplicative utility function) by Lootsma 14 a serious off-spring alternative to the original AHP was introduced. Both the original AHP and the REMBRANDT techniques can be considered as effective DSSs for group decision making. The additive AHP allows a multi-level hierarchy; however, this is hardly an advantage as decision-makers tend to insist on a one-level hierarchy as this seems more intuitive. Moreover, as noted in Section 5, the final scores calculated by the two versions of AHP do not strongly diverge. However, the aggregation rule used by REMBRANDT seems appropriate as it fits the exponential form of the input given by the decision-makers.
In the ease of use the two versions are very similar as they need the same type of input and provide the same type of output. The original additive AHP has one scale only and ignores scale dependence, whereas the REMBRANDT technique, based on a one parametric class of geometric scales, yields a scale-independent rank order of the final scores and avoids rank reversal in some notorious cases where this phenomenon is not expected to occur. Seen from a theoretical viewpoint the geometric least squares method of REMBRANDT is preferable. However, in practice it does not seem to make much of a difference which method is selected.
Based on the case studies it can be recommended to conduct sensitivity analysis applying different progression factors on both the alternatives scores level and the criteria weights level. The rank order of the alternatives does not depend on the scale parameter γ when this is changed for the alternatives score level. However, it can be concluded that the scale parameter should not exceed the long scale (a progression factor on 2.7) by much as the span between the scores becomes inappropriately large. As opposed to this the rank order of alternatives are very sensitive towards changes in the progression factor on the criteria weight level. Therefore it can be recommended that a progression factor on 1.7 (the short scale) can be applied at the alternatives score level while the criteria weight level should continue to make use of a progression factor on √2 if it is desirable to arrive at results closer in line with the original AHP.
Future research within this area should concentrate on studying the further properties of the REMBRANDT technique seen from both a theoretical and empirical point of view. The attractiveness of the multiplicative version in practice compared to the additive version will in some cases depend on the decision problem. Nevertheless, the multiplicative version with variable γ-values is consistent with well-grounded postulates of human decision making which makes it attractive to apply when approaching complex appraisal problems by using multiple pair wise comparisons.
